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S 8.1 Applications of Recurrence Relations (1)

8.1.1 The concept of recurrence relations

Defination:

A seguence is a function from a subset of the
set of Integers (usually either the set
{0,1,2,..} or the set {1,2,3,..}) to a set
S.We use the notation a, to denote the image
of the Integer n.We call a, a term of the

sequence.
We use the notation {a,} to describe the
sequence.
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8.1 Applications of Recurrence Relations (2)

8.1.1 The concept of recurrence relations
Defination:

A recurrence relation for the sequence {a,}
IS an equation that expresses a, In terms of
one or more of the previous terms of the
seguence,namely,agq,a;,.., an-1,for all integers
n with n > ng,where ng IS a nonnegative
Integer.A sequence iIs called a solution of a

recurrence relation If its terms satisfy the
recurrence relation.

2016-10-24




8.1 Applications of Recurrence Relations (3)

8.1.2 Modeling with recurrence relations
Example 1: Bacterial Reproduction

a,=23, ;> d5=9; a,=2"x5
Example 2: Compound Interest

P.=P,,+0.05P_,=1.05P, ,

P,=(1.05)"1000
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S 8.1 Applications of Recurrence Relations (4)

8.1.2 Modeling with recurrence relations
Example 3: Fibonacci Numbers
AP H 1K
2 H 1%
F3TH 2 X
5540 H 3 X
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8.1 Applications of Recurrence Relations (5)

8.1.2 Modeling with recurrence relations

Example 4: The Tower Hanoil
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8.1 Applications of Recurrence Relations (6)

8.1.2 Modeling with recurrence relations

Example 5: Bit Strings
Example 6: Codeword Enumeration

Example 7: Lancaster
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8.2 Solving Linear Recurrence Relations (1)

8.2.1 Linear homogeneous recurrence
relation of degree k
Definition:

A linear homogeneous recurrence relation
of degree k with constant coefficients is a
recurrence relation of the form

dn = Ci1dp-1 T Czap-2 *+...7F Ckan-k
where c4,C»,...,Ck are real numbers , and

Ck = O.
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8.2 Solving Linear Recurrence Relations (2)

|
8.2.1 Linear homogeneous recurrence

relation of degree k
F.=F,, +F,, linear homogeneous
recurrence relation of degree two

N
_ 2 .
Ap = Ap—1 + Ay _o not linear

= nB,,_, coefficients are not constants

H =2H__, +1 not homogeneous

vy
w




S 8.2 Solving Linear Recurrence Relations (3)

8.2.2 Solving linear homogeneous
recurrence relation with constant
coefficients

Linear homogeneous recurrence
relation with constant coefficients :

a,—ca,, —c,a, ,——ca,, =0

n

Characteristic equation:

k k-1 k-2 _
r' - —cr' —c,rt " —-o—c, =0

2016-10-24



Q 8.2 Solving Linear Recurrence Relations ()

8.2.2 Solving linear homogeneous
recurrence relation with constant
coefficients

(1) distinct root

Theorem 1: Let c; and ¢, be real numbers.

Suppose that r2-c;r-c,=0 has two distinct roots
r. and ro. Then the sequence {a_} Is a solution of
the recurrence relation a,=c;an.1+cCoan2 if and only
If a,=b.r{"+bor>" for n=0,1,2, ...,where b; and b
are constants.
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S 8.2 Solving Linear Recurrence Relations (5)

8.2.2 Solving linear homogeneous
recurrence relation with constant
coefficients

(1) distinct root h — C,-Cyr,
- 1

a,=C, =b +b, h="h
.

a, = Cl — blrl +b27/'2 b, =C,—b
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S 8.2 Solving Linear Recurrence Relations ()
Example 1: iﬁﬁ%’l’?' EEE ST R:0) R

a =a,_,+2a

a, =2,a, =1

3

Example 2:Kf#Fibonaccii# g% & 69 #&.

F =F +F_, n>3
F=F =1
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S 8.2 Solving Linear Recurrence Relations (7)

Example 3:

AR =Z/AFFa,b,c R KE A ni)—ik #43

BBz iz8 bR, LSBT IEH: #£

WP IMTA A ek B EE—FE T, AL
BATAZ B AL B 69 35 N
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S 8.2 Solving Linear Recurrence Relations (8)

8.2.2 Solving linear homogeneous
recurrence relation with constant

coefficients
(1) distinct root

Theorem 2: Let cl,c2,...,ck be real numbers.

Suppose that the characteristic equation
rk-c.rk1-...-cx=0 has k distinct roots rq,ro,...,r..Then
a sequence {an} Is a solution of the recurrence
relation a,=c;an.1+cCran2+...+cCank If and only if
an=Db1r"+bor"+.. . +byr", for n=0,1,2,..., where
bi1,b,,...,bx are constants.
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S 8.2 Solving Linear Recurrence Relations (9)

Example: KT 7]#EX 209,

a =2a_,+a_,~2a,_, (n>3)

a,=La,=2,a,=0
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S 8.2 Solving Linear Recurrence Relations (10)

8.2.2 Solving linear homogeneous
recurrence relation with constant
coefficients

(2) Multiple root

Theorem 3: Let c; and ¢, be real numbers wth
co=0. Suppose that r*-cir-co=0 has only one root
ro.A sequence {an} iIs a solution of the recurrence
relation a,=c;an-1+Czan-2 If and only if
an=biro"+bonry" for n=0,1,2,..., where b; and b,
are constants.
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{ 8.2 Solving Linear Recurrence Relations (11)

Example: KT 35|i#f % 2%,
a =2a _,—a, , (n=3)

a, =2,a, =3

.

2016-10-24



{ 8.2 Solving Linear Recurrence Relations (12)

Theorem 4: Let cl,c2,...,ck be real numbers.
Suppose that the characteristic equation
rk-c,1r¥1-...-cx=0 has t distinct roots rq,ro,...,r; with
multiplicities m;,m»,...,m; , respectively ,so that
> 1 for 1=1,2,...,t and m;+my+...+m¢ = K. Then
a seguence {a,} Is a solution of the recurrence
relation a,=c;an-1+cCran2+...+cank If and only if
an = (b1 o+by1n+...+b; my an™M1” 1)r1
+(b2,0+b2 1n+.. +b2m 2NM2 Yo"
+...+(Diot+be 1N+ +btm 1N t_l)r
for n=0,1,2, 3 , Where b;; are constants for 1< i <t
and 0 < < mi—l.

2016-10-24




S 8.2 Solving Linear Recurrence Relations (13)

Example: K TFiRi#IEX R GE.
a =—a ,+3a_,+5a _,+2a _, (n>4)

n_

a,=La,=0,a,=1a,=2
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Solving linear homogeneous recurrence
relation with constant coefficients

(1) The characteristic equation

(2) The characteristic roots

(3) Distinct root? Multiple root?

(4) The initial conditions
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{ 8.2 Solving Linear Recurrence Relations (14)

Example: K TFiRi#IEX R GE.

a =8a_,-16a_, (n>4)
=1a,=0,a,=1a,=2

FFAEZA2: r4 - 8r2 + 16=0

ARG F2E9AR: r,=2, r,=-2 AL _FHR
%I K B 0 an:(b1+b2n)r1”+(b3+b4n)r2”
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S 8.2 Solving Linear Recurrence Relations (15)

8.2.3 Linear nonhomogeneous recurrence
relations with constant coefficients

A linear nonhomogeneous recurrence relation
with constant coefficients
IS a recurrence relation of the form
apn=Ci1dn-1+Coan-2+...+Cran-k+F(N)

where c4,Cy,...Ck are real numbers and F(n) Is a
function not identically zero depending only on n.
The recurrence relaton

an=Cian-1+Coan2+...+Ckank , IS called the
assoclated homogeneous recurrence relation .
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{ 8.2 Solving Linear Recurrence Relations (14)

Example: a =a_, +2"

n

d — an—l

= 2
a, =a,,+a, ,+n" +n+l

n

a, =a, +a, ,

n

a =3a,,+n3"

n

an — 3an—l

— I
a =d, 4 + a, - + a, s + n!

an — an—l + an—Z + an—3
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S 8.2 Solving Linear Recurrence Relations (15)

8.2.3 Linear nonhomogeneous recurrence
relations with constant coefficients

Theorem 1:

If {a,?} is a particular solution of the
nonhomogeneous linear recurrence ralation with
constant coefficients

an—=Cidp-1+Coan-2+...+Ckan-k+F(N),
then every solutionis of the form {a,P+
anM} where {a,(M} is a solution of the associated
homogeneous recurrence ralation
adn—Cian-1F+Coran-2o+...+Ckan-k.
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S 8.2 Solving Linear Recurrence Relations (16)

n _ ) ... (h)
a =ca,,+tca ,++ca

n

a (p)—cl ,Spi+cz (p)+ +c.a, a'?) .+ F(n)

n

g @ +a? =c(@” +a”)+c, (@™ +a?) +--

+c (a™ +a"”) + F(n)

a =a” +a " = (p)+Zbr
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{ 8.2 Solving Linear Recurrence Relations (17)

AL SIEE dy = CO’al — Cl!""’ak_l — Ck—l

b+b,+-tbh =C,*
’/'1b1+r2b2+”.+rkbk :Cl*
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RBIEFREMT RSB LR
(1) Rtk Sk R 9T X
(2) ARBEFKBBEAF(NG IR, HAZIEBGTEX

(3) Fas B XARNZ| BB XA T REFEZAREK, ALRKH

(4) BB HEXRBOT X,
BY 45/ + AT REBRXAMHT X

(5) BB FHREAHFREBRXANEARK, HTHEXR
#




S 8.2 Solving Linear Recurrence Relations (18)

(1) BF(nN)Z n # k RZAXE, TRFHEX R
HBEHXA: aV =An  +A4n" T+ 4+ 4,
XKFAGA, AN EZFHK.

Example 1: RET3|#EEX A

-

a =—2a,,+n+3

ay, =3
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S 8.2 Solving Linear Recurrence Relations (19)

LAFFRBEXRANFERY 1 ¥ n (n2>1)
FAREY, AFRRATE XA
a'” =(An" + An""+-+4) n”
XF ALAL,.LA HFZTH.
Example 2: RET3|#EHEX A
a, =a_+2(n-D (n>2)

2016-1 \al — 2
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S 8.2 Solving Linear Recurrence Relations (20)

(2) HF(N)ZPEIFH XIS, X4 AT BFF
W 1. deRBIRAACEEIE £ A XA AEARAT,
TR A alP) = 46"
1. e RBEANFEILIE X R NAGKE 4FAEAR BT
(k>1) , TkBFMHHXA: o, =n"Ap"
(3) &F(N)A P, (n)R" &7 X At

al” =n (An" + An" " +--+A4 )"
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{ 8.2 Solving Linear Recurrence Relations (21)

Theorem 2:

Suppose that {a,} satisfies the linear nonhomogeneous
recurrence relation
an,= Ci8p.1 + Coano + ...+ Gk + F(N),
where c4,Co,...C are real numbers and
F(n)=(bn'+b. n*1+...+bn+by)B",
where bg,b4,...,b and B are real numbers.
When B is not a root of the characteristic equation of the
associated linear homogeneous relation,there is a particular
solution of the form
(PeN*+pentt+...+pin+po) B
When B is a root of this characteristic equation and its
multiplicity is m,there is a particular solution of the form
nNm(pnt+pintt+..+pin+po) B
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{ 8.2 Solving Linear Recurrence Relations (22)

Example

Bk M AESFREIR KR

a =6a,, -9 ,+ F(n)
L Fn)=3" Fm)=n3" Fm)=n’2"
F(n) = (n* +1)3"
i, ERS&HIFFRERXANFBEAMAA?
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§ 8.3 Divide-and-Conquer Algorithms and
Recurrence relations (1)

Suppose that a recursive algorithm divides a problem
of size n Into t subproblems,where each subproblem
IS of size n/b.Also suppose that a total of g(n) extra
operations are required in the conquer step of the
algorithm to combine the solutions of the
subproblems Iinto a solution of the original
problem.Then ,if f(n) represents the number of
operations required to solve the problem of size n,it
follows that f satisfies the recurrence relation
f(n) =t f(n/b) + g(n).

This Is called a divide-and-conguer recurrence
relation.
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§ 8.3 Divide-and-Conquer Algorithms and
Recurrence relations (2)

Theorem 1:
Let f be an Increasing function that
satisfies the recurrence relation
f(n) = a f(n/b)+c
whenever n is divisible by b,where a > 1 ,b
IS an integer greater than 1,and c is a positive
real number.Then

f(n) is <”0(n'°9ba), if a>1
O(logn), ifa=1
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§ 8.3 Divide-and-Conquer Algorithms and
Recurrence relations (3)

Ofr 5 & X:
BIx ffo g RABREESRERELIEXE
/\6’311:#:, R AT C Ik EHFERAEX>
/J, FANTCO] < ClgG)l» RIf (X)Z0(g (X))
1

Furthermore,when n = bk,where k is a
positive integer, f (n) = C;nl°9, 2 + C,,

where C;, =f (1) + c/(a-1) and

C, = -c/(a-1).
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§ 8.3 Divide-and-Conquer Algorithms and
Recurrence relations (4)

Theorem?2 (Master Theorem) :

Let f be increasing function that satisfies the
recurrence relation f(n) =af(n/b)+cnd,whenever
n=Dbk,where k is a positive integer, a>1,b is an
Integer greater than 1,and c and d are real numbers
with ¢ positive and d nonnegative.Then
rO(nd) if a<b?
f(n)is {0’ logn) if a=>5"
on**)  if a>b*

L
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§ 8.4 Generating Functions 1)

8.4.1 The concept of generating functions

(1) Ordinary generating function
Definition:

The generating function for the sequence
ag,a4,...,8,,..0f real numbers is the Infinite

series

G(x)=a, +ax+a,x’+-+ax"+-=2ax"
k=0
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§ 8.4 Generating Functions )

Example 1: 485701, 1, 1, 1, 169-E@ 4 &

4 5 _
f(x)=1+x+x2+x3+x4:Zxk=x L
k=0 x=1

ix};gp;:te 2: 4475 ([’;][’j](’;](m hy 518

f(x) = (Oj + (ljxl + (2])/ Lo g (njx” = 2 (ijk =1+ x)”
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§ 8.4 Generating Functions ©)

cxampie 3. (1)o7
b8 A AR, A

n-=1\ (n), (n+1), An+k=1)
f(X)Z( 0 j—(ljx +( 5 jx +-..+(_1)( = jx R

i £n+k 1}. Lin)”

2016-10-24



§ 8.4 Generating Functions (4)

8.4.1 The concept of generating functions

(2) Exponential generating function
Definition:

The exponential generating function for
the sequence ag,a;,...,ax,...of real
numbers is the infinite series

1 2 JCn o0 JCn

X X
f— —I— —_— + —_— —I— o o o —I— —I— e o 0o —
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S 8.4 Generating Functions (5)

Example 4: %8 55| (P(n,0), P(n)),..., P(n,n)) &) 38

fe(X) :P(n,o)‘l‘P(n,l)%-FP(n,Z)%—l—+P(n,n)x7’:_|_0_|_

— (g] + (Z]xl - (ijz + .o+ (Z]x” =1+ x)”
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§ 8.4 Generating Functions 6)

Example 5: &% 53%] (La,a’,---,a",---) 4%
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S 8.4 Generating Functions (1)

8.4.2 Useful facts about power series

(1) The foundational operation of generating
function

Theorem 1: Let f(x)= iakxk and g(x) = ibkxk.Then
k=0 k=0
£()+g(¥) =Y (a, +b)x* and
k=0

F@e@) =3 a b, )xt

k=0 j=0
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§ 8.4 Generating Functions )

8.4.2 Useful facts about power series

(2) The extended binomial theorem
Definition:
Let a be a real number and let k be a
nonnegative integer.Then the extended
binomial coefficient C(a,Kk) Is defined by

a)| |ala=1--(a-k+])/K if k>0
(kj_ 1 if k=0
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S 8.4 Generating Functions 3)

8.4.2 Useful facts about power series

(2) The extended binomial theorem

Example 1

- carzar- o caor-ars

(12 2} = (U/2)(1/2-1)(1/2-2)/3=(1/2)(-1/2)(-3/2)/6 =1/16
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§ 8.4 Generating Functions (4)

8.4.2 Useful facts about power series

(2) The extended binomial theorem

The extended binomial theorem:
Let X be a real number with |x|] < 1 and
let oo be a real number.Then

A+x) =Y (ijk

k=0
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S 8.4 Generating Functions (5)

8.4.2 Useful facts about power series
(2) The extended binomial theorem
Example 2 Xﬂ‘ﬂ" x|<1 #94E%&F x, EBH:

= B n+k_1xk
(d+) (1+x) DS )( k j

k=0

V=1 (+x)= 1i =3 (-1

J#) —X%§4{X ( ) 1 N
2016-10-24 (1-)(3) kL:(J)



S 8.4 Generating Functions (6)

8.4.2 Useful facts about power series

Example 3 iE8] (1-4X)"Y2 & F 3| 73| b4-Ld
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§ 8.4 Generating Functions 1)

8.4.3 Counting problems and generating

functions

(1) A n AAFEIEFIEE r DMK, HIOGERECN

(1+X)" BImF L

(2) M\ n PAFEYfEF T

JTE

EHINF X" R C(n,n) .

LRI r MR, HF

FEHCH (L+X+X2+x3+. )" KRR BEFF A F xr

IES IS
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§ 8.4 Generating Functions )

8.4.3 Counting problems and generating

E

functions

M n PAEPIEE

54 [

n+r—1

r

l

Jﬁj—

lirmly

L Z IR r DMERRITITE

() =Q+x+x>+--)" :i(rwr—l}(r

r=0
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§ 8.4 Generating Functions

(3)

8.4.3 Counting problems and generating

1

functions

%@@&ﬁ—wmﬁ&ﬁw,(

=z (r—1
f(x)=(x+x2+---)”=2( )xr

n—1

r=0

r—1

n—1

M n AMARYIEF R ERIEE r MK, B

J

A
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§ 8.4 Generating Functions (4)

8.4.3 Counting problems and generating
functions _
B B n AR R ¢ Mt b )

o0

f(x)=>0+x)" = Z(ij” = Z.O:P(n,r)j—];

r=0

#il: 3k 1,3,5,7,9 AN FAHR r MBI E.. H
h7.9 BILEIRECH B, HEeEHFE BRI EA

Hin BH 261

HHTWKIRIJo
2016-10-24



§ 8.4 Generating Functions 1)

8.4.4 Using generating functions to solve
recurrence relations

Example 1: 8% R &BIRKB T 7 HEX E X
(a, =3a, , (n=1)
a, =2

FEAEAR r=3
};)TV/( ﬁ;}ﬁfi ?‘ éﬁﬁ;%/; 7{7 a —=p3"

9

271 D AP ﬁ*% a =2x3n
= ’l/\l)(\? 2R . n—
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§ 8.4 Generating Functions )

AR A m R BR R E IR X R AT IR

(1) A fO)&ERTHFF (ag,a.,a,,...) L@ A RFHK. BP
f(x) = Za =

(2) A }ﬂﬁiﬁﬂ‘:?«lfriﬁ‘x&ﬁ%ﬁf:f f(x) 8 F %2,

(3) KB f(X).

(4) HIQORLEXEITAFAHT X, x" ¥ RAHKHAEHEX A
H 1 «
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§ 8.4 Generating Functions ©)

8.4.4 Using generating functions to solve
recurrence relations

Example 2: 8 & s &3 KT 55X A
a =a, _,+2(n-1)(n>2)

a, =2
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§ 8.4 Generating Functions (4)

8.4.4 Using generating functions to solve
recurrence relations

Example 3: 8 & R R RBT 7 HEX R

a =na, ,+(-1)" n>2

a, =1,a, =0

.
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-

a =na,,+(-1)" n2
a, =1,a, =0

\

(aO’al’aZ"“’an’.“)

o0 xl’l o0
f(x)=ay,+ax+ Z[nan_1 -1)” = =1+ Znan_l
n=2

_1+x2an 1( _1)|

n=2
:1+x2anx —x+Z(—l)”x —(1-x)
n=0 n' n=0 n'

—X

& ox 3 B f(x)=1e
— X

:xZan xl +Z(—1)”2—::xf(x)+e_x

nZO n = n:O

—X

1) == e =Sy ) =T Sy




§ 8.4 Generating Functions

(1)

8.4.5 Proving identities via generating
functions

Example 1:3% n AETEEH, EH:

n

2

k=0

(1)

K

2

(21

\ ")
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% 8.5 Inclusion-exclusion (1)

8.5.1 The principle of inclusion-exclusion
The principle of inclusion-exclusion:

Let A1,A,,...,A, be finite sets.Then
| 4U4,U---U4, |
=S4 |- S1ANA |+ S14N4,NA, |-

1<i<n 1<i< j<n 1<i< j<k<n

+(=D" A4 NA4,N-N A4, ]
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% 8.5 Inclusion-exclusion 2)

8.5.1 The principle of inclusion-exclusion

Example 1 : ¥X3tA 54608, L2454
®G A RAE, BELFARIS BRAE, 2604F

445 CRAE, 108 A BAE A Xgfs

B, 8% %4 Bikis A ikfs C, 14434 K

%15 B XikfE C, 6.4 54 3ITRAHLESET.

BIA % 0 S SFiX 3 IRAT AR R A 452
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S 8.6 Applications of inclusion-exclusion

(1) An alternative form of inclusion-
exclusion

N(})l"PZ” P'):|S|_|A1UA2U”'UA;¢|
= N-— ZN(P)+ > N(P,P)- » N(B,P,P)

1<i<j<n 1<i<j<k<n

+--+(-1)"N(R, B,---F)

2016-10-24



S 8.6 Applications of inclusion-exclusion

(2) Counting the number of primes

1 2 3
213 41\5 617
232 2
313

(3) The number of onto functions
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S 8.6 Applications of inclusion-exclusion

Theorem:
Let m and n be positive integers with m
> n.Then, there are

n" —CnD)n-0"+Cn,2)(n-2)" —---+(-1)""C(n,n-1)1"

onto functions from a set with m elements
to a set with n elements.
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S 8.6 Applications of inclusion-exclusion

(4) Derangements

Theorem:
The number of derangements of a set

with n elements iIs

1 1 1 1
f— I — c— — — c— e o o — n_
D, n!(1 1!+ > 3!+ + (-1) n!)

2016-10-24



S 8.6 Applications of inclusion-exclusion

(4) Derangements
1 1 1 1

6_1:1__+ — +"'+(—1)n—+"'
1 21 3l n!
-1 D n+l 1 n+2 1
_ n _1 _1
e o +(-1) (n+1)!+( ) (n+2)!
. D 1 . D
e ——2 < lim— =¢™

D, =n-1)(D,,+D,,)

2016-10-24 Dl — O’ D2 —1



