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Chapter Summary

The Basics of Counting

The Pigeonhole Principle
Permutations and Combinations
Binomial Coefficients and ldentities

Generalized Permutations and
Combinations
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S 6.1 The basics of counting

Section Summary

[1 The Product Rule
The Sum Rule

[

[1 The Subtraction Rule
[ The Division Rule
[

Tree Diagrams
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8 6.1 The basics of counting «)

6.1.1 Basic counting principles
(1) The product rule

Definition:

Suppose that a procedure can be
broken down iInto a sequence of two
tasks.If there are n; ways to do the first
task and n, ways to do the second task
after the first task has been done,then
there are n;xn, ways to do the procedure.
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8 6.1 The basics of counting ¢
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8 6.1 The basics of counting ¢

6.1.1 Basic counting principles
(1) The product rule

An extended version of the product rule:
Suppose that a procedure is carried out by
performing the tasks T4,T5,...,T, IN SEquence.
If task T; can be done in n; ways after tasks
T.,T5,...,and T;_; have been done,then there are
N{xNox...xN, ways to carry out the procedure.
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8 6.1 The basics of counting

6.1.1 Basic counting principles

(2) The sum rule
Definition:

If a first task can be done Iin n; ways and
a second task In n, ways,and If these tasks
cannot be done at the same time, then
there are n;+n, ways to do one of these
tasks.
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8 6.1 The basics of counting )

6.1.1 Basic counting principles
(2) The sum rule

An extended version of the sum rule:
Suppose that the tasks T4,T,,...,T, can be
done In nq4,Nn,,...,Nn, Ways,respectively,and no

two of this tasks can be done at the same
time.Then the number of ways to do one of
these tasks Is n;+n>+...#+n,, .
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8 6.1 The basics of counting

6.1.2 More complex counting problems

6.1.3 The inclusion-exclusion principle
6.1.4 The Division Rule

6.1.5 Tree diagrams
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8 6.2 The Pigeonhole principle q)

6.2.1 Introduction

he pigeonhole principle:

If K+1 or more objects are placed
Into k boxes ,then there Is at least
one box containing two or more of
the objects.
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8 6.2 The Pigeonhole principle )

6.2.2 The generalized Pigeonhole principle

The generalized Pigeonhole principle:

If N objects are placed into K boxes ,
then there Is at least one box containing
at least | N/K | objects.
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8 6.2 The Pigeonhole principle )

6.2.2 The generalized Pigeonhole principle
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8 6.2 The Pigeonhole principle

B TAESEARIR A . W, W, ..., Wy, IRGBAFIT
#S., S5, ..., Sipe

stFk=1,2,..,10, EHEW, 3|s, # T 5 A~TH3E8
F—/AREEF|0 §RFB, TH60 FHEEZR.
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8 6.2 The Pigeonhole principle )

6.2.3 Some elegant applications of
the pigeonhole principle
Theorem:

Every sequence of n°+1 distinct
real numbers contains a subsequence
of length n+1 that is either strictly
Increasing or strictly decreasing.

12, 8, 7, 9, 10, 1, 4, 11, 6, 5

5, 3, 2, 4, 1



8 6.2 The Pigeonhole principle )

6.2.3 Some elegant applications of
the pigeonhole principle

7 AB&kp, g EREE, SR(p, Q)AKIEADP
PMAZRBRAIRARA R g MPARILTARRTE
ZHR VAR, NARR(P, g ) ARamsey#k,
R(3,3) =6, R(3,4) =9, R(3,5)=14

R(3,6) = 18, R(3,7) = 23, R(3,8) = 28
R(3,9) = 36, R(4,4) = 18,
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8 6.2 The Pigeonhole principle )

6.2.3 Some elegant applications of
the pigeonhole principle

TR X p, g B, p,g> 2 NEEXR
EEHR(P, q), #FENn > R(p,q) &, A
UERERE K, 894, NRAE—AKEEH
Kp» JAE—NELEHK,.
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§ 6.3 Permutations and Combinations )

6.3.1 Permutations
(1) r-permutation

Definition:
A permutation of a set of distinct objects is
an ordered arrangement of these objects.
An ordered arrangement of r elements of a
set is called an r-permuation.
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§ 6.3 Permutations and Combinations )

6.3.1 Permutations

(1) r-permutation

The number of r-permutations of a set
with n elements Is denoted by P(n,r).

-

Il n>2r=0

0 n<r

.

P(n,r) =«

2015-11-3



% 6.3 Permutations and Combinations (3)

6.3.1 Permutations

(1) r-permutation

Theorem:
The number of r-permutations of a set with n
distinct elements is
P(n,r) = n(h-1)(n-2)....(n-r+1).

P(n,r)=n(n—-1)n-2)--(n—-r+1)= n!
(n—r)!

P(n,n)=n(n-1)n-2)- 2 -1 = n!
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S 6.3 Permutations and Combinations )

6.3.1 Permutations
(2) Circle-permutation

1 1 1 1
olE oo re!
3 3 3 3

1234 2341 3412 4123

P(n,r)/r =n!/(r(n—-r))
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§ 6.3 Permutations and Combinations ¢)

6.3.1 Permutations
(2) Circle-permutation

(O (s P(n, 1) /(2r)

1234 1432
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% 6.3 Permutations and Combinations ()

6.3.2 Combinations
r-combination

An r-combination of elements of a set Is
an unordered selection of r elements from
the set.Thus, an r-combination is simply a
subset of the set with r elements.

The number of r-combination of a set
with n distinct elements Is denoted by

C(n,r).
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% 6.3 Permutations and Combinations )

6.3.2 Combinations
r-combination

n
Note that C(n,r) iIs also denoted by [ r)
and iIs called a binomial coefficient.

1 n>r=>0
Cln,r)= 0 n<r
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§ 6.3 Permutations and Combinations ()

6.3.2 Combinations
r-combination

Theorem:

The number of r-combinations of a set
with n elements,where n Is a honnegative
Integer and r Is an integer with O < r < n,
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§ 6.3 Permutations and Combinations (o)

6.3.2 Combinations
r-combination

Corollary:
Let n and r be nhonnegative integers
with r < n .Then C(n,r) = C(n,n-r).

2015-11-3



% 6.4 Binomial coefficients and ldentities (1)

6.4.1 The binomial theorem

0 1 2 1
(x+y) =1 1 3 3 1
(x+y) =x+y 1 4 6 4 1
(J(_+.J/)2 ::;J(z 4‘:23?}7‘F.)72 1 5 10 10 5 1

] 6 15 20 15 6 1
(x+y)3:x3+3xzy+3xy2+y3

(ery)4 = x* +4x3y+6x2y2 +4xy3 +y4
(ery)5 = x’ +5x4y+10x3y2 JrleZy3 +5xy4 +y5
(x+ 1) =x°+6xy+15x*y*> +20x°y> +15x°y* + 6x9° + y°
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§ 6.4 Binomial coefficients and ldentities (2

10

10

15

20

15
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S 6.4 Binomial coefficients and ldentities (3)

6.4.1 The binomial theorem

The binomial theorem: Let x and y be
variables,and let n be a nonnegative
Integer.Then

(x + y)" = Jﬁo(i]x”jyj

L n_|_ L n—1 + n n—2 2_|_ + hn X n—l_l_ L n
— X X X
of 1) TTl2) 7 n-1/" "\af

2015-11-3




S 6.4 Binomial coefficients and ldentities ()

6.4.1 The binomial theorem
Example 1:

1 (4 -
(x+ y)* = Z( .jx4’y’

Jj=0

o (4] B an o (H)as s [4)a
=| '+ KTy x +H KTy +

=x"+4x°y+6x°y° +4xp° + y*
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S 6.4 Binomial coefficients and ldentities (5)

6.4.1 The binomial theorem
Example 2:

4 | .
(2x +3y)* = 24: (2x)* A 3y)/
j=o{ j

[ l6x* + ’ 24Xy + ) 36x°)° + ’ 54xy° + ) 81y*
0 1 2 3 4

=16 x*+96x°y+216 x*y> + 216 xp° + 81 p*

2015-11-3



S 6.4 Binomial coefficients and ldentities (e)

6.4.1 The binomial theorem

Example 3: What is the coefficient of
x12y13 in the expansion of (X + y)2°?

25 '
[ ]z == = 5,200,300

13 13112

What is the coefficient of x12y*3 in the

expansion of (2x — 3y)2°?
25

2ot (-a)P =Y () o i3

. J
2015-11-3 Jj=0



% 6.4 Binomial coefficients and Identities (7)

6.4.1 The binomial theorem
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S 6.4 Binomial coefficients and ldentities (s)

6.4.1 The binomial theorem
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S 6.4 Binomial coefficients and ldentities (9)

6.4.1 The binomial theorem
Corollary 1: Let n be a honnegative integer.

Then Z (Zj

k=0

— 9 X

Corollary 2: Let n be a positive integer.Then
! (n)
2z, D [kj -0

Corollary 3: Let n be a nonnegative integer.

Then " ,
£ (i)
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S 6.4 Binomial coefficients and Identitieso)

6.4.2 Pascal’s identity and triangle

Pascal’s identity: Let n and k be
positive integers with n > k .Then

(R
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S 6.4 Binomial coefficients and Identities(1)

6.4.3 Some other identities of the
binomial coefficients

Vandermonde’s identity:
Let m,n and r be nonnegative integers
with r not exceeding either m or n, Then

"Bl

2015-11-3



S 6.4 Binomial coefficients and Identities(12)

6.4.3 Some other identities of the
binomial coefficients

Corollary 4: If nis a nhonnegative
Integer,then

(2;) _ kz
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S 6.4 Binomial coefficients and Identities3)

6.4.3 Some other identities of the
binomial coefficients

Theorem: Let n and r be nonnegative
Integers with r < n .Then

-3
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§ 6.5 Generalized permutation @)
and combinations

6.5.1 Permutations with Repetition

Theorem:

The number of r-permutations of
a set of n objects with repetition
allowed Is n".
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§ 6.5 Generalized permutation )
and combinations

6.5.2 Combinations with Repetition

Theorem:

There are C(n+r-1,r) r-combinations
from a set with n elements when
repetition of elements is allowed.
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§ 6.5 Generalized permutation 3)
and combinations

6.5.3 Permutations with

Indistinguishable objects

Theorem: The number of different
permutations of n objects,where there are
N, Indistinguishable objects of type 1, n,
Indistinguishable objects of type 2,...,ng
Indistinguishable objects of type k,is

n!

n,'n,l- n |

2015-11-3



§ 6.5 Generalized permutation )
and combinations

6.5.4 Distributing objects into boxes

(1) Distinguishable Objects and Distinguishable Boxes

Theorem:
The number of ways to distribute n

distinguishable objects into k distinguishable boxes
so that n; objects are placed into box |
(i=1,2,..,k),equals
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§ 6.5 Generalized permutation (5)
and combinations

6.5.4 Distributing objects into boxes

(2) Indistinguishable Objects and Distinguishable
Boxes

(3) Distinguishable Objects and Indistinguishable
Boxes

(4) Indistinguishable Objects and Indistinguishable
Boxes

2015-11-3



§ 6.6 Generating permutations )
and combinations

6.6.1 Generating permutations

Lexicographic(Dictionary) ordering
Example:
FAHE{1,2,3), R GEFERSL, I
F A R A2 HET £
123,132,213,231,312,321.

X —ANAHHTHEB—NFEHE, FHETH
. B4,
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§ 6.6 Generating permutations )
and combinations

6.6.1 Generating permutations

Lexicographic(Dictionary) ordering
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§ 6.6 Generating permutations 3)
and combinations

6.6.1 Generating permutations

Lexicographic(Dictionary) ordering

& RAEAHT BT —A 7, PTiE— A
8 F — A s 2 X —ANHeF] 5 F—/1~ 372
AR bt HER, X BERX—AH5TF—A
HRTHKGER TR, LB IR AT
M ER L,

2015-11-3



§ 6.6 Generating permutations )
and combinations

6.6.1 Generating permutations

Bl4e: hEHF a,a,..a,, Fa_,<a_

e F—AHFA: a,a, ...a,a,,

Bl 27255 12345, CHT—/H7]
12354

* a, ;> a, NIRRT =4 £ KT

F Ap,< A, 4 A& T AR AT —/HF|?
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§ 6.6 Generating permutations (5)
and combinations

6.6.1 Generating permutations
Arithmetic:

(1) 1= max{k | ak1< ay}
(2) J = max{k| a1 <ak}
(3) a1¢ g

(4) a11a21"'1aj1ai1ai+1,---ai_1---,an
@ S

B o,,a85,.,3.1,30,3n.1,..,3

2015-11-3



§ 6.6 Generating permutations (6)
and combinations

6.6.1 Generating permutations
Bldm: 52 H5 839647521

839647521 =83964 /7521
>839657421=839651247/

=>839651274

—>83965142/7
839651472

2015-11-3



6.6 Generating permutations @)
and combinations

6.6.2 Generating combinations

Example: 4% {1,2,3,4,5,6) IR3TE AL

A 20/ 123, 124, 125, 126
134, 135, 136
145, 146

156

234, 235, 236
245, 246

256

345, 346

356

2015-11-3 4156



§ 6.6 Generating permutations 8)
and combinations

6.6.2 Generating combinations
Arithmetic:
(1) IH3i=max{] ] ¢< n-r+j}
Then goto (2)
Else stop ;
(2) ci«ci+ 1;
(3) Cj«Cj1+ 1,j=1+1,1+2,...,r;
(4) Output ciCo...cr; goto (1);

2015-11-3



Chapter 8

Advanced
counting

techniques




Chapter Summary

® Applications of Recurrence Relations

® Solving Linear Recurrence Relations
« Homogeneous Recurrence Relations
« Nonhomogeneous Recurrence Relations

® Divide-and-Conguer Algorithms and
Recurrence Relations

® Generating Functions
® Inclusion-Exclusion
® Applications of Inclusion-Exclusion
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S 8.1 Applications of Recurrence Relations (1)

8.1.1 The concept of recurrence relations

Defination:

A seguence is a function from a subset of the
set of Integers (usually either the set
{0,1,2,..} or the set {1,2,3,..}) to a set
S.We use the notation a, to denote the image
of the Integer n.We call a, a term of the

sequence.
We use the notation {a,} to describe the
sequence.

2015-11-3



8.1 Applications of Recurrence Relations (2)

8.1.1 The concept of recurrence relations
Defination:

A recurrence relation for the sequence {a,}
IS an equation that expresses a, In terms of
one or more of the previous terms of the
seguence,namely,agq,a;,.., an-1,for all integers
n with n > ng,where ng IS a nonnegative
Integer.A sequence iIs called a solution of a

recurrence relation If its terms satisfy the
recurrence relation.

2015-11-3




8.1 Applications of Recurrence Relations (3)

8.1.2 Modeling with recurrence relations
Example 1: Bacterial Reproduction

a,=23, ;> d5=9; a,=2"x5
Example 2: Compound Interest

P.=P,,+0.05P_,=1.05P, ,

P,=(1.05)"1000

2015-11-3



S 8.1 Applications of Recurrence Relations (4)

8.1.2 Modeling with recurrence relations
Example 3: Fibonacci Numbers
AP H 1K
2 H 1%
F3TH 2 X
5540 H 3 X

2015-11-3



8.1 Applications of Recurrence Relations (5)

8.1.2 Modeling with recurrence relations
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8.1 Applications of Recurrence Relations (6)

8.1.2 Modeling with recurrence relations

Example 5: Bit Strings
Example 6: Codeword Enumeration

Example 7: Lancaster

2015-11-3



8.2 Solving Linear Recurrence Relations (1)

8.2.1 Linear homogeneous recurrence
relation of degree k
Definition:

A linear homogeneous recurrence relation
of degree k with constant coefficients is a
recurrence relation of the form

dn = Ci1dp-1 T Czap-2 *+...7F Ckan-k
where c4,C»,...,Ck are real numbers , and

Ck = O.

2015-11-3



8.2 Solving Linear Recurrence Relations (2)

|
8.2.1 Linear homogeneous recurrence

relation of degree k
F.=F,, +F,, linear homogeneous
recurrence relation of degree two

N
_ 2 .
Ap = Ap—1 + Ay _o not linear

= nB,,_, coefficients are not constants

H =2H__, +1 not homogeneous

vy
w




S 8.2 Solving Linear Recurrence Relations (3)

8.2.2 Solving linear homogeneous
recurrence relation with constant
coefficients

Linear homogeneous recurrence
relation with constant coefficients :

a, —cd, ; —C,d, ,——ca, =0

n

Characteristic equation:

k k-1 k-2 _
r' —cr- —cy,r " —--—c, =0

2015-11-3



Q 8.2 Solving Linear Recurrence Relations ()

8.2.2 Solving linear homogeneous
recurrence relation with constant
coefficients

(1) distinct root

Theorem 1: Let c; and ¢, be real numbers.

Suppose that r2-c;r-c,=0 has two distinct roots
r. and ro. Then the sequence {a_} Is a solution of
the recurrence relation a,=c;an.1+cCoan2 if and only
If a,=b.r{"+bor>" for n=0,1,2, ...,where b; and b
are constants.

2015-11-3



S 8.2 Solving Linear Recurrence Relations (5)

8.2.2 Solving linear homogeneous
recurrence relation with constant
coefficients

(1) distinct root b — C -Cyr,
( =

a,=C, =b +b, h="h
.

a,=C, =br, +byr, b,=C,=b,

Cl_corz = Col/i_cl

h=r h=r

0

2015-11-3



S 8.2 Solving Linear Recurrence Relations ()

Example 1: iﬁﬁ%’l’?' EEE ST R:0) R
a [ +2a

n

a, :2,az1 =7

3

Example 2:Kf#Fibonaccii# g% & 69 #&.
F =F +F_, n>3
F=F, =1

2015-11-3



S 8.2 Solving Linear Recurrence Relations (7)

Example 3:

AR =Z/AFFa,b,c R KE A ni)—ik #43

BBz iz8 bR, LSBT IEH: #£

WP IMTA A ek B EE—FE T, AL
BATAZ B AL B 69 35 N

2015-11-3



S 8.2 Solving Linear Recurrence Relations (8)

8.2.2 Solving linear homogeneous
recurrence relation with constant

coefficients
(1) distinct root

Theorem 2: Let cl,c2,...,ck be real numbers.

Suppose that the characteristic equation
rk-c.rk1-...-cx=0 has k distinct roots rq,ro,...,r..Then
a sequence {an} Is a solution of the recurrence
relation a,=c;an.1+cCran2+...+cCank If and only if
an=Db1r"+bor"+.. . +byr", for n=0,1,2,..., where
bi1,b,,...,bx are constants.

2015-11-3



S 8.2 Solving Linear Recurrence Relations (9)

Example: KT 7]#EX 209,

a =2a_,+a _,-2a_, (n>3)

a,=lLa =2,a, =0

\

2015-11-3



S 8.2 Solving Linear Recurrence Relations (10)

8.2.2 Solving linear homogeneous
recurrence relation with constant
coefficients

(2) Multiple root

Theorem 3: Let c; and ¢, be real numbers wth
co=0. Suppose that r*-cir-co=0 has only one root
ro.A sequence {an} iIs a solution of the recurrence
relation a,=c;an-1+Czan-2 If and only if
an=biro"+bonry" for n=0,1,2,..., where b; and b,
are constants.

2015-11-3



{ 8.2 Solving Linear Recurrence Relations (11)

Example: KT 35|i#f % 2%,
a =2a_ —a,, (n=3)

a, =2,a, =3

.

2015-11-3



{ 8.2 Solving Linear Recurrence Relations (12)

Theorem 4: Let cl,c2,...,ck be real numbers.
Suppose that the characteristic equation
rk-c,1r¥1-...-cx=0 has t distinct roots rq,ro,...,r; with
multiplicities m;,m»,...,m; , respectively ,so that
> 1 for 1=1,2,...,t and m;+my+...+m¢ = K. Then
a seguence {a,} Is a solution of the recurrence
relation a,=c;an-1+cCran2+...+cank If and only if
an = (b1 o+by1n+...+b; my an™M1” 1)r1
+(b2,0+b2 1n+.. +b2m 2NM2 Yo"
+...+(Diot+be 1N+ +btm 1N t_l)r
for n=0,1,2, 3 , Where b;; are constants for 1< i <t
and 0 < < mi—l.

2015-11-3




S 8.2 Solving Linear Recurrence Relations (13)

Example: K TFiRi#IEX R GE.
a =—a_ +3a_,+5a ,+2a_, (=4

a,=1,a, =0,a, =La, =2

S

2015-11-3



Solving linear homogeneous recurrence
relation with constant coefficients

(1) The characteristic equation

(2) The characteristic roots

(3) Distinct root? Multiple root?

(4) The initial conditions

2015-11-3



{ 8.2 Solving Linear Recurrence Relations (14)

Example: K TFiRi#IEX R GE.
a =81 ,-16a_, (n=4)
a,=lLa =0,a,=l,a,=2

SEAEFAZ: r* - 8r2 + 16=0
FAEF R0 r,=2, r,=-2 R —_FH
%I K B 0 an:(b1+b2n)r1”+(b3+b4n)r2”

2015-11-3



S 8.2 Solving Linear Recurrence Relations (15)

8.2.3 Linear nonhomogeneous recurrence
relations with constant coefficients

A linear nonhomogeneous recurrence relation
with constant coefficients
IS a recurrence relation of the form
apn=Ci1dn-1+Coan-2+...+Cran-k+F(N)

where c4,Cy,...Ck are real numbers and F(n) Is a
function not identically zero depending only on n.
The recurrence relaton

an=Cian-1+Coan2+...+Ckank , IS called the
assoclated homogeneous recurrence relation .

2015-11-3




{ 8.2 Solving Linear Recurrence Relations (14)

Example: a =a_, +2"

n

= 2
a =a, +a, ,+n" +n+l

a, =a,  +a, ,

a =3a, , +n3"
an — 3an—l

a =a, +ta,,+a, ,+n

a, =d, _, + a, _, + a, _;

n

2015-11-3



S 8.2 Solving Linear Recurrence Relations (15)

8.2.3 Linear nonhomogeneous recurrence
relations with constant coefficients

Theorem 1:

If {a,?} is a particular solution of the
nonhomogeneous linear recurrence ralation with
constant coefficients

an—=Cidp-1+Coan-2+...+Ckan-k+F(N),
then every solutionis of the form {a,P+
anM} where {a,(M} is a solution of the associated
homogeneous recurrence ralation
adn—Cian-1F+Coran-2o+...+Ckan-k.

2015-11-3



S 8.2 Solving Linear Recurrence Relations (16)

) _ () (O (h)
a ~=ca, +ca . +---+ca’,

n

a'” =ca’® +c,a'?) +---+c,.al?) + F(n)

n

a" +al" =c(a" +a") +e, (@, +a)+ -

+c,(a” +a'”)+ F(n)

a =a” +a'" = “’)+Zbr

2015-11-3



{ 8.2 Solving Linear Recurrence Relations (17)

WAt a, =Cy,a, =C,..cya,_, =C,_,

b+b +--th =C *
rlb1+r2b2+”'+rkbk :Cl*

2015-11-3



S 8.2 Solving Linear Recurrence Relations (18)

(1) HF(N)& n ) K REAKXA, TREEXRY
5%:@;’}?_%/5;‘7‘!‘7 a(p) = Aonk —|—141nk_1 _|_..._|_Ak

XKFAGA, AN EZFHK.
Example 1: RET3|#EEX A

;
a =—2a, ,+n+3

a, =3

\
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S 8.2 Solving Linear Recurrence Relations (19)
BARAFEIR R A GIFIERA 1 9 m (m > 1)
TARE, 4FMaH XA

a’” =An "+ 40"+ -+ 4) n"
KT ALALL.LA AFZFEHK.
Example 2: RET3|#EHEX A
a =a_ +2(n—-D (n>2)
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S 8.2 Solving Linear Recurrence Relations (20)

(2) HF(N)ZPEIFH XIS, X4 AT BFF
W 1. deRBIRAACEEIE £ A XA AEARAT,
TR X A: o) =4p"
1. e RBEANFEILIE X R NAGKE 4FAEAR BT
(k>1) , TTRAFMHTBXA: o =n"4p"
(3) &F(N)A P, (n)R" &7 X At

al? =n*(An" + An"" +--+ 4 )B"
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{ 8.2 Solving Linear Recurrence Relations (21)

Theorem 2:

Suppose that {a,} satisfies the linear nonhomogeneous
recurrence relation
an,= Ci8p.1 + Coano + ...+ Gk + F(N),
where c4,Co,...C are real numbers and
F(n)=(bn'+b. n*1+...+bn+by)B",
where bg,b4,...,b and B are real numbers.
When B is not a root of the characteristic equation of the
associated linear homogeneous relation,there is a particular
solution of the form
(PeN*+pentt+...+pin+po) B
When B is a root of this characteristic equation and its
multiplicity is m,there is a particular solution of the form
nNm(pnt+pintt+..+pin+po) B
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{ 8.2 Solving Linear Recurrence Relations (22)

Example

B &MAEFRFBRXERN:
a, =6a,  —9a, ,+ F(n)

L Fm)=3" Fm=n3" Fm)=n"2"
F(n)=(n" +1)3"
B, LR MIFFREBIRXRNIFBRAMTA?
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§ 8.3 Divide-and-Conquer Algorithms and
Recurrence relations (1)

Suppose that a recursive algorithm divides a problem
of size n Into t subproblems,where each subproblem
IS of size n/b.Also suppose that a total of g(n) extra
operations are required in the conquer step of the
algorithm to combine the solutions of the
subproblems Iinto a solution of the original
problem.Then ,if f(n) represents the number of
operations required to solve the problem of size n,it
follows that f satisfies the recurrence relation
f(n) =t f(n/b) + g(n).

This Is called a divide-and-conguer recurrence
relation.
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§ 8.3 Divide-and-Conquer Algorithms and
Recurrence relations (2)

Theorem 1:
Let f be an Increasing function that
satisfies the recurrence relation
f(n) = a f(n/b)+c
whenever n is divisible by b,where a > 1 ,b
IS an integer greater than 1,and c is a positive
real number.Then

f(n) is ;0(n1°gba), if a>1
O(logn), if a=1
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§ 8.3 Divide-and-Conquer Algorithms and
Recurrence relations (3)

Ofr 5 & X:
BIx ffo g RABREESRERELIEXE
/\6’311:#:, R AT C Ik EHFERAEX>
/J, FAITOO] < Clge)l, M (x)20(g (X))
1

Furthermore,when n = bk,where k is a
positive integer, f (n) = C;nl°9, 2 + C,,

where C;, =f (1) + c/(a-1) and

C, = -c/(a-1).
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§ 8.3 Divide-and-Conquer Algorithms and
Recurrence relations (4)

Theorem?2 (Master Theorem) :

Let f be increasing function that satisfies the
recurrence relation f(n) =af(n/b)+cnd,whenever
n=Dbk,where k is a positive integer, a>1,b is an
Integer greater than 1,and c and d are real numbers
with ¢ positive and d nonnegative.Then
(O(n?) if a<b”
f(n)is{0(n’logn) if a=>5"

O(n'**) if a>b*

N
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§ 8.4 Generating Functions 1)

8.4.1 The concept of generating functions

(1) Ordinary generating function
Definition:

The generating function for the sequence
ag,a4,...,8,,..0f real numbers is the Infinite

series

G(x)=a, +ax+a,x" +-+ax"+-=2ax"
k=0
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§ 8.4 Generating Functions )

Example 1: 485701, 1, 1, 1, 169-E@ 4 &

4 5

=]l4+x+x"+x +x = X =
X 1 2 3 4 KX 1
k=0 x—1

ix};gp;!te 2: 4475 &ZMTNZ](ZD hy 518

| n n o nl o, nn_nnk_l n
f(x)—0+1x+2x +---+nx—k:0kx—(+x)
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§ 8.4 Generating Functions ©)

cxampie 3. 1 ()17
b8 A AR, A

B n—1 n), (n+l > —lkn+k_1 o
f(x)—0—1x+2x (=1 . X
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§ 8.4 Generating Functions (4)

8.4.1 The concept of generating functions

(2) Exponential generating function
Definition:

The exponential generating function for
the sequence ag,a;,...,ax,...of real
numbers is the infinite series

X X
X)=d +a _+a _+'°°—|—a —|—...: a
]Fe() 0 1 1' 2 2' n I’l' ; n n'
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§ 8.4 Generating Functions (5)

Example 4: %4 57| (P(n,0), P(n)),..., P(n,n)) #) 38

fe(x) :P(n90)+P(n,1)%+P(n,2)%—l—---—|—P(n,n)x—'_|_0_|_...

o e [a)er e oD maemr
= + X + X° 4+ x" =+ x)
0 1 2 n
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§ 8.4 Generating Functions 6)

Example 5: %53 (La,a’,---,a", ") t4#8%

f.(x) S x1+ x2+ EE xn+
X)=d a ad, — a =
e ) " n!
1 2 n
X ) X =1
=l+a—+a —+-+a + -
1! 2! n!
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S 8.4 Generating Functions (1)

8.4.2 Useful facts about power series

(1) The foundational operation of generating
function

Theorem 1: Let f(x)= Zakxk and g(x) = Zbkxk.Then
k=0 k=0

£+ g(x) =Y (a, +b)x* and
fg@) =Y (Y ab )

k=0 0
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§ 8.4 Generating Functions )

8.4.2 Useful facts about power series

(2) The extended binomial theorem
Definition:
Let a be a real number and let k be a
nonnegative integer.Then the extended
binomial coefficient C(a,Kk) Is defined by

o\ [ala=D-(a—k+D)/k if k>0
k)o|1 if k=0
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S 8.4 Generating Functions 3)

8.4.2 Useful facts about power series

(2) The extended binomial theorem

Example 1

(_32] = (-2)(-2-1)(-2-2)/3!= (-2)(-3)(-4)/3!= 4

(1/32j = (1/2)(1/2-1)(1/2-2)/31=(1/2)(-1/2)(-3/2)/ 6 =1/16
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§ 8.4 Generating Functions (4)

8.4.2 Useful facts about power series

(2) The extended binomial theorem

The extended binomial theorem:
Let X be a real number with |x|] < 1 and
let o be a real number.Then

A+ =Y [ijk

k=0
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S 8.4 Generating Functions (5)

8.4.2 Useful facts about power series
(2) The extended binomial theorem
Example 2 stF|x|<1 #94£F x, EBA:

e 1 _Oo_kn+k—1 =
0" =y & D( k jx

bn=18f (I+x)"= i =3 (-1t

Al -XBRRX () = S
\ / o
2015-11-3 (I-X) k=0



S 8.4 Generating Functions (6)

8.4.2 Useful facts about power series

Example 3 iE8] (1-4X)"Y2 & F 3| 73| b4-Ld
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§ 8.4 Generating Functions 1)

8.4.3 Counting problems and generating

functions

(1) A n AAFEIEFIEE r DMK, HIOGERECN

(1+X)" BImF L

(2) M\ n PAFEYfEF T

JTE

EHINF X" R C(n,n) .

LRI r MR, HF

FEHCH (L+X+X2+x3+. )" KRR BEFF A F xr

IES IS
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§ 8.4 Generating Functions )

8.4.3 Counting problems and generating

E

functions

M n PAEPIEE

54 [

n+r—1

r

l

iﬂ*

lirmly

L Z IR r DMERRITITE

¢f09=(1+x+x2+“)":ji(n+r_{}f

r=0

2015-11-3



§ 8.4 Generating Functions

(3)

8.4.3 Counting problems and generating

1

functions

%@@&ﬁ—wmﬁ&ﬁw,(

f(xX)=(x+x>+-)" =i(r_ljxr

r=0 n_l

r—1

n—1

M n AMARYIEF R ERIEE r MK, B

J

A
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§ 8.4 Generating Functions (4)

8.4.3 Counting problems and generating
functions _
B B n AR R ¢ Mt b )

o0

F)=(+x) = Z(:jx’" _ 210(;1,;/)’;—1

r=0

#il: 3k 1,3,5,7,9 AN FAHR r MBI E.. H
h7.9 BILEIRECH B, HEeEHFE BRI EA

Hin BH 261

HHTWKIRIJo
2015-11-3



§ 8.4 Generating Functions 1)

8.4.4 Using generating functions to solve
recurrence relations

Example 1: A A RBERE T EIRX AKX

, =3a,,; (nz1)
4
L o:2
FFAEAR r=3

};)TV/L ﬁ;}ﬁfi ?‘ éﬁﬁ;%/; 7{7 a —=p3"

271 D AP ﬁ*% a =2x3n
= ’l/\l)(\'z 2R ° n—
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§ 8.4 Generating Functions )

AR A m R BR R E IR X R AT IR

(1) A fO)&ERTHFF (ag,a.,a,,...) L@ A RFHK. BP
f(x)= Za X

(2) A }ﬂﬁiﬁﬂ‘:?«lfriﬁ‘x&ﬁ%ﬁf:f f(x) 8 F %2,

(3) KB f(X).

(4) HIQORLEXEITAFAHT X, x" ¥ RAHKHAEHEX A
H 1 «
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§ 8.4 Generating Functions ©)

8.4.4 Using generating functions to solve
recurrence relations

Example 2: 8 & s &3 KT 55X A
a =a,_ +2(n-1)(n>2)

a, =2

\
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§ 8.4 Generating Functions (4)

8.4.4 Using generating functions to solve
recurrence relations

Example 3: 8 & R R RBT 7 HEX R

ran =na,  +(-1)" n=2

a, =1l,a, =0

.
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ran =na, , +(-1)" n=
a,=1,a, =0

\

(a())aljaz)...janj...)

f(x)=a,+ax+ i[nan_1

_1+x2an | _1)'+Z( 1)

+
|M8
S
Q

n=2

n=0 . n=0 . —x

e
WD YEIE ST N

n=0 n. n=0

0= e =G S =T e

l1—x 0



§ 8.4 Generating Functions

(1)

8.4.5 Proving identities via generating
functions

Example 1:3% n AETEEH, EH:

n

2

k=0

(1)

K

2

/2n\

\ ")
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% 8.5 Inclusion-exclusion (1)

8.5.1 The principle of inclusion-exclusion
The principle of inclusion-exclusion:

Let A1,A,,...,A, be finite sets.Then
=04 |- DA4NA |+ D404 N A |-

1<i<n 1<i<j<n 1<i<j<k<n

"‘(_l)n+1 |A1ﬂA2 ﬂﬂAn|
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% 8.5 Inclusion-exclusion 2)

8.5.1 The principle of inclusion-exclusion

Example 1 : ¥X3tA 54608, L2454
®G A RAE, BELFARIS BRAE, 2604F

445 CRAE, 108 A BAE A Xgfs

B, 8% %4 Bikis A ikfs C, 14434 K

%15 B XikfE C, 6.4 54 3ITRAHLESET.

BIA % 0 S SFiX 3 IRAT AR R A 452

2015-11-3



S 8.6 Applications of inclusion-exclusion

(1) An alternative form of inclusion-
exclusion

N(P1'9P2’9 P'):|S|_|AUA UUAn|

=N- ZN(P>+ S N(R.P)- Y N(P.P.R)

1<i<j<n 1<i<j<k<n

+e+ (=)' N(B, B, F)
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S 8.6 Applications of inclusion-exclusion

(2) Counting the number of primes

1 2 3
213 41\5 617
232 2
313

(3) The number of onto functions
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S 8.6 Applications of inclusion-exclusion

Theorem:
Let m and n be positive integers with m
> n.Then, there are

n" —C(nD)(n-D"+Cn,2)(n-2)" —---+(=1D)""C(n,n-1)1"

onto functions from a set with m elements
to a set with n elements.
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S 8.6 Applications of inclusion-exclusion

(4) Derangements

Theorem:
The number of derangements of a set

with n elements iIs

1 1 1 1
f— ' — — — — — e o o — n_
D n!(l 1!+ o 3!+ + (—1) n!)
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S 8.6 Applications of inclusion-exclusion

(4) Derangements
1 1 1 1

6_1:1__+ — +"'+(—1)n—+"'
It 2! 3! n!
~1 D n+1 1 n+2 1
_ n _1 _1
e n!+( ) (n+1)!+( ) (n+2)!
4 D |
e ——2|< limD’”’ze_1
n! (n+1)! n—w pl

D, =(n-1)(D,,+D,,)
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